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Abstract--If g is a continuous map of an interval, the recursion x.+, = g(xn), n = 0, 
1 . . .  converges globally if and only if the equation has only fixed points of g as roots. 
This leads to simple geometric onditions for global stability in discrete population 
models. Related conditions involving the Schwarzian derivative and curvature are 
discussed. 
1. INTRODUCTION 
We consider a number of conditions leading to global stability in a class of first-order 
recurrence quations that model population growth. Roughly speaking, the recurrence 
xn+| = g(xn) describes a population model if g is a nonnegative single-humped map 
whose critical point xm is less than its equilibrium point ~. The values xn refer to 
population densities in generations n = 1, 2 . . . .  and the condition that there be a unique 
maximum implies a self-regulatory property whereby if xn is large enough the density 
xn+l will lie in a neighborhood of the equilibrium point. Such recurrences provide simple 
models for populations with discrete generation times; these times are likely to be 
synchronized with the seasons [1, 2]. Although we concentrate on stability conditions 
here, it is well known that when the equilibrium is unstable both regular and chaotic 
cycling can be expected [3-6]. 
We ask how local stability of the equilibrium and global stability are related: What 
conditions on g in addition to local stability will guarantee global stability? Or, how can a 
function g with a locally stable equilibrium fail to generate global stability? The basic 
condition for global stability turns out to be the absence of 2-cycles, i.e., points x other 
than ~ such that g(g(x)) = x; we restate this result in geometric form. In the absence of 
smoothness conditions other than continuity, this is really all that can be said. If  more 
smoothness is assumed, we should expect to find growth conditions on the higher 
derivatives that would lead to global stability; specifically we mention theorems of Cull 
[7] and Singer [8], and after carefully examining their results we formulate some less 
restrictive conditions. 
2. THE HEART OF THE MATTER 
Throughout the paper we shall assume that the return function g satisfies the 
following conditions: 
(a) g is a continuous function of a nonnegative real variable. 
(b) g(0) = 0, and g(x) > 0 in 0 < x < N ;N  may be oo. 
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(c) g has a unique positive equilibrium point ~ with g(~)= £, and g(x )> x for 
0<x <~, g(x) <x  for ~ <x.  
(d) g has a unique maximum point x,, in (0, ~) and is decreasing for x > xm; thus, 
< Ym = g(x,,) .  
We exclude maps g that satisfy (a)-(c) but are increasing at ~, i.e., have no maximum in 
(0, J/); any convergence that occurs in this case is monotone, and offers no difficulty. 
Let g satisfy (a)-(d). Then g restricted to the interval (Xm, ~] is decreasing and so has 
a unique inverse g-~ on the interval [£,,, ym]. In Fig. 1, we have drawn the reflection of 
the curve y = g(x) ,  0 <- x <- ~, about the identity line y = x ;  the union of this arc of the 
curve with its reflection produces a simple closed curve resembling a heart. Clearly the 
condition that there be a solution x # ~ of the equation g(g(x) )  = x is that the curve g(x)  
intersect he heart curve for at least one x in (~, y,,). Equivalently, if g(x)  > g - t (x )  for x 
in (~, Ys], then there can be no solution of g(g(x ) )  = x other than x = ~. 
Coppel [9] proved that the absence of such period-2 orbits is a necessary and 
sufficient condition for global stability, and a simple variant of this result restricted to 
population functions was recently published by Cull [7]. We state these results now. 
THEOREM 1. (CoppeD. Let g be a continuous map on an interval a-< x-< b, with 
a <-g(x )<-b .  Then a necessary and sufficient condition that the sequence x,.t = g(x,) 
converge, whatever initial point is chosen, is that the equation g(g(x)) = x have no roots 
except he roots of the equation g(x)  = x. 
THEOREM 2 (Cull). Let g satisfy conditions (a)-(d). Then ~ is a globally stable 
equilibrium point if and only if g(g(x) )> x for all x in [xm, ~). (Cull's actual theorem 
covers also the case of the increasing functions that we excluded above.) 
Note that Theorem 2 follows immediately from Theorem 1 and our discussion of the 
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Fig. 1. The heart curve. The heavy curve is the graph of g in [0, 4]; the light curve is the reflection of this 
graph about the identity line. The union of these two curves produces the symmetrical heart curve. Dashed 
curves refer to possible extensions of g to the right of ~. 
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Assume now that, in addition to conditions (a)-(d), g satisfies 
(e) g is twice continuously differentiable. 
(f) lim g(x)  = O. 
x~N 
Denote h (x )= g(g(x)). Then h(0)= 0 and h(~)= ~ (refer to Fig. 2). We ask, if ~ is 
locally stable, when will it be the only fixed point of h? Observe that h has a local 
minimum at xm, namely, g(Ym). Let X be such that X > ~ and g(X) = xm; such a point 
exists by condition (f). Then for all x in the interval (~, X) we have x~, < g(x) = y < ~ and 
< g(Y) < ym. 
Each factor in the derivative map h'(x) = g'(g(x))g'(x) = g'(y)g'(x) is negative, so that 
h'(x) > 0 for x in (~, X) and h'(X) = O. In particular, 0 < h'(~) < 1 if ~ is locally stable. 
If there were a point x in [xm, ~) such that g(g(x))= x, then the point g(x) in the 
interval (~, Y,d would also be a fixed point of h. The converse is also true: a fixed point 
of h in (~, Y.d implies one in [xm, ~). 
If ~ is locally stable and if, as well, a fixed point of h occurs in the interval (x~,, ~), the 
curve has to change from concave up near xm, the local minimum of h, to concave down 
somewhere between x,, and J/. This leads to an obvious sufficient condition for global 
stability. 
THEOREM 3. If h"(x)> 0 for x in (x~, 2) then local stability implies global stability. 
It is desirable to transform this observation about h into a condition applicable to g. Cull 
[7] proved the following. 
THEOREM 4. (Cull). Suppose that in addition to satisfying (a)-(f) the function g is such 
that g"(x)< 0 for x in (xm, 2) and that if g"(x~)= 0 for some xt > 2 then g"(x)-> 0 in 
(xm, xl). Then h"(x) > 0 for x in (x,,, 2), and 2 is globally stable if it is locally stable. 
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Fig. 2. The graph of h(x)  = g(g(x))  in the stable case. 
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Although the theorem derives global stability from assumptions made on g instead of 
h, the assumptions about he inflection point and the sign of g" are essentially irrelevant, 
as we shall demonstrate. Fig. 3(a) shows a map that is globally stable because of 
Theorem 4. Fig. 3(b) shows a map with a locally stable equilibrium that is not globally 
stable, since g(g(xm))= x,,. This map has an "early" inflection point x~ <~. These 
illustrations occur in Cull's paper, where he suggests that they summarize the basic 
geometry associated with the problem of global stability. He writes, "The curve in [our 
Fig. 3(b)] has a change in concavity from negative to positive that occurs before the 
equilibrium point, while the change in concavity in the second curve [our Fig.. 3(a)] 
occurs after the equilibrium point. This is the essential difference." 
The extent o which Theorem 4 is misleading is clear from the remaining two curves 
in the figure. In Fig. 3(c) the curve has a locally stable equilibrium as well as the 
indicated period-2 cycles. Thus, late inflection, xr > g, may lead to global instability. In 
Fig. 3(d), the curve has an early inflection point x~ <g and is globally stable (the 
associated heart curve is perhaps more reminiscent of a shield); this map, which may be 
as smooth as one likes, violates the condition in Theorem 4 regarding the location of the 
inflection point. Cull does later stress the mere sufficiency of his conditions; the moral is 
that the location of the inflection point is not at all fundamental to the problem of global 
stability. 
While the inner 2-cycle is necessarily unstable the outer one can be stable, as 
indicated in Fig. 3(b). [A specific example is the fourth-degree polynomial map discussed 





Fig. 3. Examples oflocal and global stability. 
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equilibrium point and a 2-cycle can coexist in smooth population models, each being 
locally stable. 
3. SCHWARZIAN DERIVATIVE 
In his study of conformal mappings, H. A. Schwarz found a differential form that was 
invariant under linear fractional transformations applied to the dependent variable; this 
form has found application to the study of automorphic functions and to disconjugacy 
problems in ordinary differential equations. See Hille [10] for details. 
The Schwarzian derivative of g is 
{g, x} = g ' (x )  3/g"(x)~ 2 
g'(x) 2 \g ' (x ) /  " 
David Singer [8] recently found that a sufficient condition for a single-humped map of the 
interval [0, 1] satisfying very mild conditions to have at most one stable periodic solution 
in (0, 1) is that its Schwarzian derivative be negative. This result is related to those 
obtained by J. Guckenheimer [11] for rational functions. We refer the reader to the new 
monograph by Collet and Eckmann which reviews the known ergodic properties of 
interval maps having negative Schwarzian derivative [12]. We summarize certain of 
Singer's results in the following. 
Let g: [0, 1] ~ [0, 1] smoothly (three continuous derivatives are enough). Let g n denote 
the n-fold self composition function of g, so that gO = g and gn+~ = g o gn. The orbit of x 
is the set {gn(x)}~=0, and the to limit set of x is the set of limit points of the orbit of x. A 
point p has period n if gn(p) = p and g~(p) # p for 0 < i < n. In the following, we define 
(local) stability of p to mean that the magnitude of the eigenvalue dg~(p)/dx is less than 
1; then if p is stable, 
lim I gk (x ) -  gk(p)[ = 0 for X near p. 
THEOREM 5 (Singer). Let g be a smooth map of [0, 1]. If g has a unique critical point c 
in [0, 1], g(0) = g(1) = 0, and {g, x} < 0 everywhere, then there is at most one stable orbit 
in (0, 1); if it exists, it is the a~ limit set of c. 
It follows immediately that if g is a locally stable equilibrium of g then g is globally 
stable in (0, 1). 
Singer's theorem may be related with the results of the preceding section. As usual we 
write h(x) = g(g(x)). Since ~ is stable, h must have at least two period-2 orbits if it is 
globally unstable (see Fig. 4). Thus, global instability together with local stability implies 
that h"(x)= 0 for some x~ in (x~, y=), where h'(xl) is a positive minimum, i.e., where 
h'(x~)>0 and h"(xr)>0.  Any condition on g that makes this impossible will give a 
sufficient condition for global stability. A calculation shows that {g, x} <0 in (xm, y~) 
implies {h,x}<0, which in turn implies that h" and h' have opposite signs at x~. Thus, 
glol~al stability of a locally stable equilibrium point is guaranteed by the condition 
{g, x} 40  for x in (x=, y=). (Singer's stated hypotheses include {g, x} < 0 everywhere.) 
It is easy to see that the conditions on g imposed in Theorem 4 imply that the 
Schwarzian is negative in (x=, y=). Theorem 4 is more restrictive than Theorem 5, as 
illustrated by the example of a map g defined in a suitable x -interval, say (0.5, 1.5), by 
g(x) = 0.125 [11 - 3(2-  x)-2], 
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Fig. 4. The graph of h(x) = g(g(x)) in the unstable case. 
for which ~ = 1, g'(~)=-0.75, and g"(x)< 0. Here {g, x} is < 0, but g"(x)<0. This 
function can be smoothly extended to satisfy conditions (a)-(f). 
Many maps considered in the biological iterature are in fact analytic: examples are 
the parabolic map g(x)=rx(1 -x ) ,  r>0,  0-<x---I, and the Ricker map g(x)= 
x exp(r(1 -sx)),  0 <-x. See May's paper [3]. There is an old theorem going back to Julia 
[13] and Fatou[14] which states that analytic maps of the interval having at most one 
critical point (in the whole complex plane) can have at most one locally stable orbit (also 
see Guckenheimer t al. [5]). Hence, if a stable 2-cycle were present in addition to a 
stable equilibrium there would necessarily be a pair of complex critical points. Both 
Singer and Cull show that the unique equilibria of the examples above are globally 
stable, using only the smoothness properties required in their theorems. Singer also gives 
a fourth-degree polynomial map whose graph closely resembles the curve in Fig. 3(c); 
the polynomial has two complex critical points, as suggested by the above result of Julia 
and Fatou. (Neither of the period 2 orbits is necessarily stable.) 
4. CURVATURE 
The heart model suggests that there may be conditions on the curvature of a smooth 
map that would lead to global stability. Suppose g satisfies (a)-(f) and ~ is locally stable. 
By the continuity of g', the graph of g lies above that of g-~ for values of x slightly 
greater than ~ (g-~ is defined in Sec. 2). If the remainder of the g curve beyond ~ were 
geometrically congruent to the g-i curve in (~, Ym), then the two curves could not meet. 
[Think of rigidly rotating the g-i curve counterclockwise with the equilibrium point (£, ~) 
serving as a pivot, until it coincides with g in (J/, Ym)] But if the curvature of the g curve 
is negative and increasing on (xm, ~), then the curvature of the g-~ curve is negative and 
decreasing on (xm, Ym); hence, if the curvature of the g curve remains constant or 
increases after ~ (possibly towards and through an inflection) then even less could the 
two arcs meet. We have proved the following. 
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THEOREM 6. Suppose that g satisfies (a)-(f) and that the curvature of g on (xm, y=) is 
negative and increasing. Then if the equilibrium is locally stable it is globally stable. 
The conditions of Theorem 6 and Singer's Theorem are essentially independent of each 
other. For suppose g"< 0 and the curvature g"(1 + g,2)-3/2 is increasing, i.e., 
g"(x) < 3 g'(x)g"(x) 
g"(x) 1 + (g'(x)) 2' 
then a calculation shows that 
. 2 
. . _ 3 (g  (x ) )  
/g, xl ~ ~ (g,(x))Z[1 + (g,(x))e] [(g'(x)) 2- 1)l. 
The quantity on the right is negative only if Ig'(x)l < 1. It is clearly negative near ~ when 
is locally stable, but this is not enough to imply {g, x} < 0 in (xm, y~). 
5. EXAMPLES AND DISCUSSION 
Cull's Theorem 4 roughly says that if a smooth single-humped curve has the locally 
stable equilibrium point g, along with a "late" inflection point xl > 2, then g is globally 
stable. The graph that summarizes this result is pictured in Fig. 3(a). Cull verifies that 
several models from the literature satisfy the conditions of this theorem, including the 
Picker model g(x)= x exp(r(1-x)),  the logistic model g(x)= x(1 + r(1-x)) ,  Utida's 
model g(x) = x(l/(b + cx) ) -  d, and Pennycuick's model g(x) = Ax/(1 + a exp(bx)). See 
Cull's paper for references. However we make the point that the location of the 
inflection point is irrelevant o the determination of global stability. For example, any 
smooth population model with early inflection xl < x whose graph is similar to Fig. 3(d) 
is globally stable. Toward the end of his paper, Cull himself discusses the Hassel model 
g(x) = Xx/(1 + ax) b, which admits such early inflection. If the equilibrium ~ is locally 
stable, a graph of g will resemble Fig. 3(a) (late inflection) or Fig. 3(d) (early inflection), 
and hence ~ is globally stable according to the heart model. Cull analytically verifies the 
conditions of Theorem 2, (g(g(x))> x for x in [xm, ~)) which requires a moderately in- 
tricate calculation; however if g is reasonably smooth, the graphical method implicit in the 
heart model will suffice. 
A further point to be made is that the specific analytical forms of the half dozen or so 
well-known return functions g(x) are chosen primarily for their geometric (and hence 
biological) properties. A list of such g's has been assembled by May [15]. The heart 
model is addressed primarily to the graph of a function rather than its exact analytical 
description which generically can be of no interest. The four illustrations contained in 
Fig. 1 completely summarize the issue of global stability for one-dimensional maps 
having a single maximum value. 
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